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A HASSE DIAGRAM FOR RATIONAL TORAL RANKS 



TOSHIHIRO YAMAGUCHI 



Abstract. Let X be a simply connected CW complex with finite rational 
cohomology. For the finite quotient set of rationalized orbit spaces of X ob- 
tained by almost free toral actions, Tq(X) = {[Y]}, induced by an equivalence 
relation based on rational toral ranks, we order as [Y] < [Yj] if there is a 
rationalized Borel fibration Yj — > Yj — v BTq for some n > 0. It presents 
a variation of almost free toral actions on X. We consider about the Hasse 
diagram H(X) of the poset 7o(A"), which makes a based graph GH(X), with 
some examples. Finally we will try to regard CH(X) as the 1-skeleton of a 
finite CW complex T(X) with base point Xq. 



1. Introduction 

Let ro{X) be the rational toral rank of a simply connected CW complex X of 
dim H* (X; Q) < oo, i.e., the largest integer r such that an r-torus T r = S 1 x • • • x 
5 1 (r-factors) can act continuously on a CW-complex Y in the rational homotopy 
type of X with all its isotropy subgroups finite (almost free action) [2J, 0], [BJ. 
Recall that the rationalized Borel space of almost free toral action (ET n x^„ Y)q 
is homotopy equivalent to the rationalization of the orbit space of Y obtained by the 
action fx. In a work of V.Puppe (for example see [5]), we can see a Hasse diagram 
of the cohomology algebras of the fixed point sets of circle actions on X, which are 
correspond to the rationalized Borel spaces, from a point of view of a deformation. 
We are interested in a rational variation of Borel spaces of toral actions with no- 
fixed point and the aim of this note is giving a framework for such an approach 
based on rational toral ranks. 

Due to the rational homotopy theory of D.Sullivan, rationalized fibrations are 
equivalent to Koszul-Sullivan(KS) extensions. Remark that, when we give certain 
KS-extensions of the Sullivan minimal model M(X) of X [3J, the existences of 
the free toral actions on complexes in the rational homotopy type of X, whose 
Borel fibrations induce the KS-extensions, are rationally guaranteed by a result of 
S.Halperin [6, Proposition 4.2] (see Proposition 2.1 below). We denote the homo- 
topy set of rationalized Borel spaces of almost free toral actions /z on complexes X^ 
in the rational homotopy type of X, which are given by certain KS-extensions (see 
§2), by X = Unio } *n where X n := {{ET n x£„ X^) q } for n > and X := {X q }. 
For two elements Y x := (ET m x^„ X^q and Y 2 := (ET n x£ 2 „ X 2 )q of X for m < n, 
we denote Y\ < Y~2 if there is a rationalized Borel fibration Y\ — > Y% — > BTq~ m , 
which satisfies the homotopy commutative diagram 
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Xq ^=^= Xq 



Y x Y 2 BT i 

BT ™^X BT n 



Here we put Y\ := Xq if m = 0. Then (X, <) is a strict partially ordered set 
(poset). 

Definition 1.1. We give an equivalence relation of X by Y\ ~ Y 2 when Y\,Y 2 E X n 
for some n and Tq{Yi) — ro(Y 2 ). For the quotient set Tq(X) := X / ^ = {Pi}i, we 
put Pi < Pj if there are elements Y i} Yj 6 X such that [Yi] — Pi, [Yj] = Pj and 
Yi < Yj or if there is an element Pk £ %(X) with Pi < Pk and Pk < Pj. 

Notice that even if T m acts almost freely on X and r {X) — n(> to), then 
there does not always exist an almost free action of T n ~ m on a complex in the 
rational homotopy type of the Borel space ET m Xj-m I. For example, when X = 
S 3 x S 3 x S 7 , we obtain r (X) = 3 by standard T 3 -action (si, s 2 , S3) ■ {zi,z 2 , z 3 ) — 
(s\Zi,s 2 z 2 ,SsZs). But there exists a free S^-action [i : S 1 x Y — > Y for a finite 
complex Y with Yq ~ Xq and ^(ES 1 Y) = 0. It is also rationally given as the 
total space of a non-trivial fibration with fiber CP 3 and base S 3 x S 3 . See Example 
3.5 below for detail. Thus we stand on our starting point. 

Claim 1.2. The poset %(X) = ({Pi}i, <) is not totally ordered in general. 

The poset 7o(X) makes a Hasse diagram of the sets {Pi}i. We denote it as H(X). 
It is not a numerical but is a graphical (rational) homotopy invariant of spaces. Here 
we can put i < j if Pi < Pj and fix P = [Xq], Pi = [(ES 1 x siF)q] with r (ES 1 x 51 
Y) =r (X)-l,--- ,P ro(x) - pr»Wx rom y) Q ] withr {ET r °Wx T r om Y) = 
for a complex Y in the rational homotopy of X. The subset {Pi, .., P ro (x)} always 
exists by the restrictions to «™(x)(^ m ) = {( s i> s m, 1, ••, 1) |s» € 5 11 } of an almost 
free T r °( x '-action on Y for to = 1, ..,r (X). We observe from the above definition 

Lemma 1.3. (1) For Y G X, r (Y) = n if and only if n — max{k \ [Y] = Pi < 
Pi! < ■ • < P ik , r (P lk ) = 0}. Then the path of length n, Pi -> P ix -> • • ■ ->■ P Jn , 
is unique in the graph. In particular, ifY = Xq, Pi = P , Pi j = Pj for j = l,..,n. 
(2) For Y G X,Y e X n if and only if n = max{k | P < P h < ■ ■ ■ < P ik = [Y]}. 
Then n — d(P , [Y]), the distance between P and [Y] in the graph. 

Our Hasse diagrams are restricted to certain forms. Of course, To(X) is a finite 

set. Especially, when r (X) = n, n < $To(X) < (n + (n - 1) H h 2 + 1) + 1 = 

(n 2 +n)/2+l (0 < tt X m /~ < n-m+1 for to < n). In particular, $%(X) = r (X)+l 
if and only if %(X) is totally ordered. For example, if tq(X) = 3 and r${X') = 4 
for some spaces X and X' , 4 < ph{X) < 7 and 5 < $%{X') < 11 and H{X) and 
H(X') are certain sub-diagrams (see Remark 3.7 below) of the Hasse diagrams: 
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and Pi 



P 3 Pr 




, respectively. If there exist such spaces, r (Po) = 3, r (Pi) = 2, r (P2) = r (P 4: ) = 
1, r (P 3 ) = r (P 5 ) = r (P e ) = in the left hand and r (P ) = 4, r (Pi) = 3, 
r (P 2 ) - r (P 5 ) - 2, r (P 3 ) = r (P 6 ) = r (P 8 ) = 1, r (P 4 ) - r (P 7 ) = r (P 9 ) = 
^o(Pio) = in the right hand. Here r (Pi) means r (Y) for some space Y with 
Pi = [Y]. 

We can describe a point Pi — [Y] of %(X) by the double index (lattice point) 
d.i.(Pi) := (s,t) ; s + t<r (X) 

when 

YeX t and r (F) = r (X) - s - t 

by Definition 1.1. If Pi ^ Pj in 7o(-^), d.i.(Pi) ^ d.i.(Pj). For example, in the 
above right diagram of r (X) = 4, we see d.i.(P ) = (0,0), d.i.(Pi) — (0,1), 
d.i.{P 2 ) = (0,2), d.i.(P 3 ) - (0,3), di.(P 4 ) - (0,4), d.i.(P 5 ) - (1,1), d.i.(P 6 ) - 
(1, 2), di.(P 7 ) = (1, 3), d.i.(P 8 ) - (2, 1), d.i.(P 9 ) = (2, 2) and d.i.(P w ) - (3, 1). In 
general, when r${X) > 1, if there is a circle action on X that represents P with 
d.i.(P) = (ro(X) — 1,1), then it is a "bad" action in a meaning since the orbit space 
permits no almost free circle action. 

Claim 1.4. (1) If P, < Pj for d.i.(Pi) = (s,t) and d.i.(Pj) = {s',t'), then s < s' 
and t < t' . 

(2) If there is a point Pi with d.i.(Pi) = (s,t), then there are points {Pj} with 
double indexes (s, t + 1), .., (s, ro(X) — s), too. 

Notice that a Hasse diagram H can be seen as a connected, finite, non-directed, 
simple graph GH with base point corresponding to the minimal element in general. 
We say a graph with a base point as a based graph in this paper. Define <j) '■ 
%{X) Z> x Z> by 4>{P) := d.i.(P) and extend : GU{X) -> M> x R> by 
<j){PiPj) = d.i.(Pi) — d.i.(Pj), the line segment with extremal points d.i.(Pi) and 
d.i.(Pj). Then there is a commutative diagram 
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%(X)— -^Z> xZ> 



GH(X) 



i >0 x 



Note that <fi is injective, that is, ^ gives the realization of H{X) into R>o x 
R>o induced by the above double indexes. We see H(X) = H(Y) if and only 
if <j>GH(X) = (jiGT-LiY). On the other hand, we can reconstruct (f)G'H(X) from 
GH{X) graphically (see §4). Thus 

Theorem 1.5. For some spaces X and Y, 'H(X) = HiY) if and only if GH(X) 
and GHiY) are isomorpic as based graphs. 

There do not exist the following Hasse diagrams in our ones: 




• • • . For example, the graph 

A B C D E 

represents the totally ordered Hasse diagram of a space with rational toral rank 4 
if we choose the base point as A or E. Also it represents (2) of Example 3.5 if we 
choose the base point as B or D. But if we choose the base point as C, the graph 
corresponds to non of our Hasse diagrams. Also the graph 

F G 



A B C D E 

represents our Hasse diagrams (a) or (b) below if we choose the base point as A or 
B, respectively. 




If we choose the base point as F, the Hasse diagram is given as (c), which is not 
ours since the points G and B must be a same one from Definition 1.1. Also we 
can check that the other points are not impossible to be realized as the minimal 
elements of our Hasse diagrams (the base point of GH). Note that the author does 
not know whether or not exists a space (rational model) X with TL(X) = (a). The 
following question is essential. 

Question 1.6. Find an example of two spaces (rational models) X and Y such 
that cf)%{X) = (f>T (Y) in Z> x Z> but U{X) ^ H(Y). 

Remark 1.7. Our definition of (X j ~, >) in Definition 1.1 may be rough. But if 
we do not take the quotient, the poset (X, >) seems very complicated. For example, 
even when X = S 3 x S 3 , the Hasse diagram is 

■■■Pi--- 



(S 2 x S 3 ) Q 
(S 3 x S 3 ) q 

(it seems as a broom) where H*(S 2 x S 3 ; Q) = Q[h]/(tl) ® A(y) with \ v\ = 3 and 

{P^ = {H*{Pi-M)}i = {ttj^T^TTtI a * e ^ - Q */ Q * 2 ' 

which is an infinite set (<Q* = Q — is the unite group ofQ). Note that D\u = t\, 
D x v = 0, D 2 u =t\ + a,it\ and D 2 v = t x t 2 for M (X) = (A(u, v), 0) (see %2). 

Remark 1.8. For Y e X, %{Y) = {P t E %{X) \ [Y] = P t or [Y] < P t } as 
ordered sets. Thus H(Y) is a sub-Hasse diagram ofH(X). Also for two spaces 
X and X', GH(X x X') D GH(X) V GU(X') as a subgraph with vertexes {P i \ l 
and edges {PiPj} = {Pi < Pj\ there is no P^ with Pi < P^ < I', \ , ,. Here the 
right hand is the one point union G'H{X)Y{G'H{X') / ~ where P ro (x) ~ Pq f or 
7~o(X) = {Pi}i and Jo(X') = {P{}i- It is a grafting of one on the other. By using 
a Sullivan model, S.Halperin indicates that rational toral rank does not preserve the 
product fomula ro(X x X') = ro(X) + ro(X') in general [7] ([H Ex. 7. 19],). Thus this 
embedding may be complicated in general (see Example 3.9 below). 

Acknowledgement. The author would like to thank Katsuhiko Kuribayashi, 
Shizuo Kaji and the referee for their valuable suggestions and is grateful to Yves 
Felix for his encouragement. 

2. A Halperin's result 

Let X be a simply connected CW complex of finite type and the Sullivan minimal 
model M(X) = (AV, d). It is a free Q-commutative differential graded algebra with 
a Q-graded vector space V = i>2 V 1 where diml/ 1 < oo and a decomposable 
differential; i..e., d(V' 1 ) C (A+V • A+V") l+1 and d o d = 0. Here A+V" is the ideal of 
AV generated by elements of positive degree. Denote the degree of a homogeneous 
element a; of a graded algebra as \x\. Then xy = (— l)^ x ^yx and d(xy) = d{x)y + 
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(-l)Wxd(y). Note that M(X) dctc rmines the rational homotopy type of X, X^ 
In particular, H*(AV,d) H*(X;Q). Refer [3] for detail. 

If an r-torus T r acts on X by /i : T r xl-)l, there is the Borel fibration 



ET r X^rX 



BT r , 



where ET r Xj, r X is the orbit space of the action g(e, x) = (eg 1 , gx) on the product 
ET r x X. It is rationally given by the KS extension (model) 



H,..., t r ],Q) ( 

where with \ti\ = 2 for i = 1, 
(il, . . . ,f r ) for w € V. 



. . . , *r] ® AV,D) -> (AV,d) (*) 
, . , r, Z?ii = and Dv = dv modulo the ideal 



Proposition 2.1. 6 ( Proposition 4.2] Suppose that X is a simply connected CW- 
complex with dimH*(X;Q) < oo. Put M(X) = (AV,d). Then r (X) > r if and 
only if there is a KS extension (*) satisfying dimiP(Q[ti, . . . , t r ] 55 AV, D) < oo. 
Moreover, ifr (X) > r, thenT r acts freely on a finite complex Y that has the same 
rational homotopy type as X and M(ET r x T rY) = (Q[ti, . . . ,t r ] ® AV, D). 



AV,D) < oo}/ s 
-+ Y 2 -> PT^" 1 in §1 

= (AV,d) 



Thus we can put 

A^ = {(Q[ti,...,t Tl ]®AV;U) | dimiT^,...,^ 

for M (X) = (AV, d). The KS extension of the hbration Y x 
is given by the homotopy commutative diagram 

(AV, d) = 



rn+1 J 



-,*n],0) ^(Q[ti,..,* r 



■,*n],0) 



| AV, D 2 ) 



•,*n],0) 



AV,fi) 



for M(BT n ~ m ) = (Q[Wi.»,*n],0), M(Fi) - (Q[<i, .., i m ] ® AV, Di) andM(V 2 ) = 
(Q[ii, .., t n ] ® AV, D 2 ). Then we simply write [D{\ < [D 2 ]. 

Even if ro(X) > i and dimP*(Q[ti, . . . ® AV, P) < oo, we may not be able 
to construct the KS extension 



(QM,0) -> (QI*!,...,^]® AV,D') -)■ (Q[ii,...,ti_i]® AV,D) 
satisfying dim i/*(Q[ti, . . . , tj] ® AV, D') < oo in general (see Claim 1.2). 



3. Examples of r (X) < 4 

Refer the arguments of [H 7.3.2] or [7] for the computations of toral ranks with 
minimal models. We put M(X) — (AV, d), A manner to draw 4>GH(X) often is 
the following steps. 

i) Estimate ro(X) by Proposition 2.1. 

ii) Dot V = {(s,t) e Z> x Z> |s > 0,t > 0,s + t < r Q (X)}. 

hi) Check whether or not a point 'P' exists so that d.i.(P) — (s,ro(X) — s) £ V 
for s = 1, .., ro(X) — 1. If exists (then we say it a next check the below 
See Claim 1.4 (2). 
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iv) Check whether or not an edge '<' exists between P and P' with d.i.(P) = 
(s,t) and d.i.(P') = (s',t+l) for s < s'. See Claim 1.4 (1). In particular, the trunk 
Po — Pi Pr (x) always exists. 

Example 3.1. When X = S 2m+1 x S' 2 ™+ 1 , the Hasse diagram of %(X) is totally 
ordered as (1) for any m and n. Next put M(X) = (A(ui, «2, W3, U4), rf) with 
efoi = d«2 = df4 = 0, dv 3 = V\V 2 and |wi| = \v 2 \ = 3, |f3 1 = 5, |«4| = 9. It is given 
by the total space of a non-trival fibration S 5 -> X -> S* 3 x S* 3 x S 9 . Then 
is given as (2): 

(1) P2 (2) P 2 



Pi Pi P 3 




Po Po 

, where Pi = [(Q[i] <g> AF,P)] with Dui = Pv 2 = Oi> 4 = Dv 3 = vxv 2 + t 3 , 
P2 = [(Q[h,t 2 } ® AT/ D)] with Pui = Pv 2 = Dv 3 = Vl v 2 + t\, Dv A = t\, 
Pi = [(QW ® AV,D)] with Pwi = Dd 2 = 0, Dv 3 = v lV2 , Dv 4 = Vl v 3 t + t 5 . Note 
that dimP*(Q[i, t'] ® AV, P') = 00 for any KS extension (Q[t, t'} ® AV, D') of it. 

In general, T-L{X) is given as only (1) or (2) if Tq{X) = 2. Next we will consider 
the cases of tq(X) > 2. 

A minimal model (AV, d) is said to be pure if dV even = and dV odd C AV even . 

Lemma 3.2. Form < n, if M(Y) = (A(tti, .., u m , Vi, .., U n ), d) with \ui\ even and 
\vi \ = ■ ■ ■ = \v n \ odd is a pure model, then ro(Y) — n — m. 

Proof. From [T| Theorem 1], ro(Y) < n — m. From |5] Lemma 8], there is a 
sub-basis v[,..,v' m of Q(«i, -.,v n ) such that dv[ , . . , dv' m is a regular sequence, i.e., 
dimP*(A(wi, .., u m , v[, .., v' m ), d) < 00. Then there is a sub-basis Wi„„ m with 

Q(«ii, ■• ) »i„_ M )ffiQ(«l, ->«m) = For i = !> -,n-m, put Pt^ = efo i3 + 

i" 3 with aj = + l)/2. Then [f" 3 ] g Q[ui, ••, u m ]/(dv' 1 , .., efo^J and especially 
dimP*(Q[t il , .., U n _ m ] ® A(mi, .., u m , «i, .., v n ), D) < 00. From Proposition 2.1, 
ro(Y) > n — m. □ 

Theorem 3.3. If X has the rational homotopy type of product of odd spheres with 
same dimensions, Xq ~ (S k x • • • x S k )q for some k > 1, then To(X) is totally 
ordered. 

Proof. Put r (X) = n. Suppose A = (Q[ti, .., t n _ s ] ® A(«i, .., v n ), D) satisfies 
dimP*(yl) < 00. It is easy to check that A is pure. From the above lemma, 
ro{A) — s. Thus there is no point P in TL(X) such that d.i.(P) ~ (s,n — s) for 
s > 0. We have done from Claim 1.4 (2). □ 

Theorem 3.4. Suppose that 1 < n\ < n 2 < n 3 < are odd. 

(1) For X = S" 1 x S n2 x S" 3 , there exists an element P in %(X) with d.i.(P) = 
(2, 1) if and only if n\ + n 2 < n 3 . 

(2) For X = S ni x S"™ 2 x 5" 3 x S ni , there exists an element P in %{X) with 
d.i.(P) = (3, 1) if and only if n\ + n 2 < n 3 and n\ + n 3 < n±. 
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Proof. (1) Put M(X) = (A(v 1 ,v 2 ,v 3 ),0) with |t>;| = m. Then Dvi = Dv 2 = 0, 

Dv 3 = WlU2 t("3-"i-"2+ 1 )/ 2 + t("3+i)/2 if and only if d.i. ([£)]) = (2, 1). 

(2) Put M(X) = (A(t)i,u 2 ,U3,U4),0). Then there is a differential D with Dv 3 = 

VlV2 t( n 3- n i- n 2 + l)/2 and Dvi = ViV3t („ 4 - ni -n 3 + l)/2 + t (n 4 + l)/2 jf and Qnly if there 

exists a bud P of d.i.(P) = (3, 1). □ 



Example 3.5. Let X be the product of three odd-spheres. Then tq{X) = 3. From 
Theorem 3.3, %(S 3 x S 3 x S 13 ) is given by the 4-points {P , Pi, P 2 , P3} which is 
totally ordered as (1). But %(S 3 xS 3 xS 7 ) contains the 5-points {Po, Pi, P2, P3, P4} 
which is partially ordered as (2): 



(1) P 3 



(2) P 3 



Po 




, where P l = [(S 2 x S 3 x S 7 ) Q ](= [(S 3 x5 3 x CP 3 ) Q ]), P 2 - [(S 2 x S 2 x S 7 ) Q ]( 
[(S 2 x S 13 x CP 3 ) Q ]) and P 3 = [(S 2 x S 2 x CP 3 ) Q ]. Here P 4 : 
by M(Y) = (Q[t] <g> A(ai,y,z),L>) with L>x = Dy = and L»z 
M(X) = (A(x,y,z),0) of |z| = \y\ = 3 and |z| = 7. Then 
Q[f]/(a;t/f + i 4 ), which is finite dimensional. 

Note r {Y) = from Proposition 2.1. Indeed, suppose that there is a KS exten 
sion 



is given 
xyt + t 4 for 
= A(x,y) ® 



(QN, 0) -> (Q[ti, t 2 ] ® A(z, y, «),£)') -> (Q[ii] ® A(z, y, z),D) = M{Y). 



We have D' o fl' / for any non-trivial differential -D'a: = f{t\,t 2 ) and D'y = 

g{tiM) in Q[*i,*2]- Also if D'x = D'y = and D'z = xyt 1 +tf + axyt 2 + J2^j t i t 2 
(a,a,ij € Q), then dim if*(Q[ii, i 2 ] ® A(x, y, z), D') = 00 for any a, ay. Thus 
di.(P 4 ) = (2,2-0-1) = (2,1). 

Thus the set 7o(A) is more sensitive than the number ro(X) about degrees of 
the rational homotopy group of X. 



Example 3.6. Put M(X) = (A(«i, v 2 , v 3 , V4, v 5 ), d) with dv\ = dv 2 = dv4 = dv 5 — 
0, dv 3 — viv 2 and \v\ \ — \v 2 \ — 3, \v 3 \ — 5, \va\ — 9, |f 5 1 = 15. Then T-L{X) is given 
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as 



P2 P 5 




, where P 1 = [(Q[t] ® AV, D)] with Dv x = Dv 2 = Dv 5 = 0, Dv 4 = t 5 , Dv 3 = vxv 2 . 
P2 = [(Q[h, t 2 ] ® AV, D)] with Dvx = Dv 2 = Dv b = 0, Dv 3 = v x v 2 + 4, Dv 4 = t\. 
P3 = l(Q[ti,t 2 ,t 3 ] ® AV, D)] with D Vl = Dv 2 = 0, Dv 3 = v x v 2 + t\, Dv 4 = if, 
Dv 5 = if. 

Pi = [(Q[i] ® AV", D)] with Dvx = Dv 2 = Dv 5 = 0, Dv 3 = v x v 2 , Dv 4 = Vl v 3 t + i 5 . 
P 5 = [(Q[h,t 2 } ®AV,D)] with D Vl = Dv 2 = 0, Dv 3 = vxv 2 , Dv A = vxv 3 tx + t\, 
Dv 5 = if. 

Pe = [(Q[t] ® AV,D)] with Dvx = Dv 2 = Dv 4 = 0, Dv 3 = v x v 2 , Dv 5 = Vl v 3 t 4 + 
v 2 v 4 t 2 + t 8 . 

Remark 3.7. If r (X) — 3, H(X) is given as (1), (2) of Example 3.5, Example 
3.6 or as one of the five diagrams: 

P3 P3 P3 P3 P3 



P2 Pi P2 P5 P2 P 5 P2 P 5 P2 P 5 




Thus we see that 2 < ${H(X)\r (X) = 3} < 8. 

Finally we give two examples with the same Hasse diagrams. 

Example 3.8. Put M(Xx) = (A(vx,v 2 ,v 3 ,Vi,v^,VQ),d) with dvx = dv 2 = dv 4 — 

dv 5 = dv 6 = 0, dv 3 = vxv 2 and \vx\ = \v 2 \ = 3, |v 3 | = 5, |w 4 | = 9, \v 5 \ = 13, 
\vq\ = 17. Then H(Xx) is given as 

9 



Pa 



Ps Pr 




, where P 4 = [(Q[t] ® AV,D)] with Dv x = Dv 2 = 0, Dv 3 = v x v 2 + t 3 , Dv A = t 5 , 
Dv 5 = t\ Dv 6 = t 9 . 

P5 = [(Q[t] ® AV,D)] with = L>v 2 = L>v 5 = L>u 6 = 0, Dv 3 = v x v 2 , 

DV4 = v x v 3 t + t 5 . 

P& = [(Q[t] ® AV, D)] with Dvi = Dv 2 = Dv 4 = Dv 6 = 0, Dv 3 = v x v 2 , 
DV5 = v 2 Vit + viv 3 t 4 + t 7 . 

P9 = [(Q[ti,t 2 ] <8> AV,Z>)] = [(Q[t u t 2 ] ® AV, D')] = [(Q[t x ,t 2 ] ® AV, £)")] with 
-Di>i = £>«2 = 0, Dv 3 = viv 2 (same for D' and D") and 

£>v 4 = viv 3 t 2 + t x , Dv 5 = 0, Dv 6 = v 2 v 5 t 2 + t 2 , 
D'vi = v x v 3 t x + 4, D'v 5 = 0, D'v 6 = v 2 v 5 t 2 + t 9 2 , 

D"v4, — viv 3 ti + 1 2 , D"v 5 = 0, D"v & = v 2 v 5 ti + t x . 

Note that P x < P 9 is given by D, P 5 < P 9 by D' and P s < P 9 by D" . 

Pw = l(Q[t] ® AF,Z>)] with Dui = Dv 2 = Dv± = Dv 5 = 0, Dv 3 = v x v 2 and 

Dvq = V X V 5 t + V 2 V4,t 3 + v x v 3 t 5 + t 9 . 

Example 3.9. Put M(X 2 ) = (A(v x ,v 2 ,v 3 , u 4 , v 5 , v 6 ,wi : w 2 ,w 3 , W4, w 5 ,w 6: u, y, z, v), d) 
with dv x = ■ ■ ■ — dvQ = dw x — • • • — dw§ = du = dy = dz = 0, 

dv = + V X V 2 VhVq + W X W 2 W 3 W4 + W\W 2 W^Wq + u 2 

and \v x \ = ■ ■ ■ = \ve\ = \w x \ = ■ ■ ■ = \we\ = 3, \u\ — 6, \y\ = \z\ = 7, \v\ = 11. We 
see dim H* (X 2 ; Q) < 00 since M(X 2 ) is the total space of a KS extension 

(A(ui,--- ,wa, «>!,••■ ,w 6 ,y,z),Q) ~> {AV,d) -> (A(it,u),d) = A/(5 6 ), 

where du = and dv — u 2 . Remark the space X x in Example 3.8 is not a formal 
space but X 2 is formal [3]. Note that ro(X') = for a space X' with X 2 q ~ (X' x 
S 7 x S' 7 )q, where M(Jf') = (A(t!i, v 2 , v 3 , u 4 , u 5 , « 6 , toi, w 2 , ^3, wa, u>5, we, u, v), d). 
Then H(X 2 ) is given as 
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Pi 



p 3 Pi 




, where Pi = [(Q[t] <g> AV, D)] such that Dv t = for i ^ 4, Du 4 = i 2 , Dw* = Du = 
Dz — 0, Dy = v 2 v 3 t, Dv = dv — viyi. 

^4 = [(Q[tl,t2,t3,*4]®AV,D)] With 

Dv\ — Dv 2 = Dv 3 = Dv 5 = Dw\ = Dw 2 = Dw 3 = Dw 5 = Du = 0, ■ • ■ (*) 
DV4 = t\, Dvq = t\, Dw 4 = i 2 , Dwq = t\, 
Dy = v 2 v 3 ti + viv 5 t 2l Dz = w 2 w 3 t 3 + WiW 5 t 4 , 

Dv = dv — Viyti + v 2 yt 2 — w\zt 3 + w 2 zt 4 . 

Then D o D = and dimH*(Q[t 1 ,t 2 ,t 3 ,t 4 ] ® AV, D) < oo. Thus r (X 2 ) > 4 
and we deduce r (X 2 ) < 5 by the direct (but complicated) calculations that 
dimH*(Q[ti,t2,t 3 ,ti,t 5 ] <g> AV,D) = oo for any D. Note the part (*) of P A is 
applied for all differentials below. 

P5 = [{Q[t} ® AV, D)] with Dv = dv, Dy = t 4 , Dv, = Dw, = Du = Dz = 0. 

P& = [(Q[h,t 2 ] <8> AV, D)] such that Dv, = for i ^ 4, Du 4 = i 2 , = Du = 0, 

Dy = U2i>3ti, -Du — dv — Viyti, Dz = t\. 

P» = [(Q[t] ® AV", D)] with Dw = dv — viyt + v 2 yt — w\zt, Dy — v 2 v 3 t + Viv^t, 
Dz = w 2 w 3 t, DV4 = Dvq = Dw 4 = t 2 , Dw & = 0. 

Pa = [(Q[*i)*2] ®AV,D)) = [(Q[ti,* 2 ] ® AV,D')\ = [(Q[ti,t 2 ] ® AV,£>")] with 
Dw 4 = i 2 , Du 6 = Dw 4 = Duj 6 = t 2 , Dy = v 2 v 3 ti + ViVst 2 , 

Dz = w 2 w 3 t 2 + wiw 5 t 2 , Dv = dv - viyti + v 2 yt 2 - w x zt 2 + w 2 zt 2 , 
D' Vl = D'w t = D'u = 0, D'y = t\, D'z = t\, D'v = dv, 
D"v 4 = t 2 , D"vq — D"w 4 — D"wq = t\, D"y = v 2 v 3 t 2 + v\v^t\, 

D"z = w 2 w 3 ti + WiW^ti, D"v = dv — v\yt 2 + v 2 yt\ — ui\zt\ + w 2 zt\. 

Note that P x < P g is given by D, P 5 < P 9 by D' and P$ < P 9 by D" . 

Pio = [(QM ® AV, D)] with Dv A = Dv 6 = Dw A = Dw 6 =t 2 , Dy = v 2 v 3 t + viv 5 t, 

Dz = w 2 w 3 t + wiw 5 t, Dv — dv — viyt + v 2 yt — w\zt + w 2 zt. 

ii 



4. Proof of Theorem 1.5 

Let G be a connected, non-directed, finite, simplc(i.e., without multiple edges, 
loops), based graph with the vertex set V{G) = {v n , vi, .., ujv} of the base point v - 
For the set of distances D = {d(v ,Vi)\vi £ V(G)}i between the points of G and 
«o, put n = maxDo- Suppose that a path of length n 

l a : v ->• v i± -> > v in _ r ->■ u in 

with d(uoi v i„) — n is unique. ■ • • (0) 
Then put tp(v ) := (0,0) and 

V>KJ:= (0,«) £Z>„ xZ> 

for u = 1, .., n. 

Next put Di = {d(vo,vj)\vj £ Vi = V^(G) — ^(^o)}j an d the set of paths with 
length m = maxDi as 

L i = = {vq -*v h -> ► v jni _, -> u J - Bi | d(«o,«j ni ) = m,«j ni £ Vi}j- 

Here V(l ) — {uo> u »i! •• I w i„}- Suppose that (for some c) 

j m + im for m > c if j c ^ i c . • • • (1) 

For a path lij of ii, if Vj c — v ic for c = 0, .., m — 1 and Vj m ^ Vi m , put 

4>( v ju) '■= ( n ~ n i, u ) G z >o x Z> 

for u = m,m+ 1, ..,n\. 

Next put D 2 = {d(v Q ,v k )\v k e V 2 = V(G) - (V(l ) U V%Li))} fc and the set of 
paths of with length n 2 = maxD 2 

L 2 = {h,k}k = {vo -> Ufei -> ► Ufc„ 2 _i -> w fc „ 2 1 d(v a ,v kn2 ) = n 2 ,v kn2 £ y 2 }fe- 

Suppose that (for some c) 

fcm 7^ i-m for m > c if k c ^ i c and 
k m ^ im,jm for m > c if k c ^ j c . • • • (2) 
For a path l 2 _ k of L 2 , if v kc = v ic or v kc = Vj c for c = 0, .., m — 1 but 7^ u im and 
v k m ¥= v jm , put 

VK^fcJ := (n - n 2 , u) £ Z> x Z> 

for u = m, m + 1, .., n 2 . 

Iterating this argument, we have an injection ip : V(G) — > Z>o x Z>o and it is 
naturally extended to the map from the set of edges, ip '■ E(G) — > R>o x M>o as 
Tp{v a Vb) — Tp{v a ) — i>(vb), the line segment with extremal points ip(v a ) and ip(vb), 
for any edge v a Vb of G. Thus there is the embedding of G into R> x M> 

V{G) — Z> x Z> 



G ^M>o x R> . 

Notice that two graphs G and G' satisfying (0),(1),(2),.. are isomorphic as 
based graphs if and only if i(jG = ipG' . 
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Proof of Theorem 1.5. If G = GH(X), the above conditions (0), (1), (2),.. arc 
satisfied from Lemma 1.3. Thus the above map tp is defined and we see ipGH(X) = 
4>GH(X) in M> x M> . Suppose H(X) ^ U(Y). Then ^CH(X) = 4>GU(X) ± 
4>GH(Y) = ^GU(Y). Thus GU(X) and GH(Y) are not isomorphic as based 
graphs. □ 



5. Appendix 

Recall an edge of CH(X) is represented by a rationalized Borel hbration 
Y Q ^(ES 1 x s i Y) q ^BS Q 
where Yq G X n and (ES 1 x s i Y)q G X n+1 for some n. It is given as 
• or • or • or ■ ■ ■ 



in 4>GH{X). 

Definition 5.1. Suppose Yq 6 X n . For two elements Yi = (ES 1 x^\ Z\) 
Y 2 = (ES 1 x^? Z 2 )q of X n+ i, we denote 

Y x ~F 2 

Y 3 



if there exists a homotopy commutative diagram of fiber inclusions of rationalized 
Borel fibrations over BSq 

Yq (ES 1 x sl Z 2 ) Q = Y 2 



Yx = (ES 1 x s; ZOq (E(S\ x S 1 ) x s i xS i Z 3 )q =: Y 3 

where Z\q ~ Z 2 q ~ Z 3Q — *Q and dim#*(Y3; Q) < oo. 

Note Y 3 G X n+2 and in general ro(Yi) ^ ro(Y 2 ). The Sullivan model is given as 
the DGA-homotopy commutative diagram of natural projections 



M(Y) S (AW,d w ) 



i]®AW,Di)- 



(Q[t 2 ] <8> AFy,D 2 ) 



(Q[ti,t 2 ]®AW,D) 



with dimi/"*(Q[ii,t 2 ] (g) AW,D) < 00. Here W = Q(t 3 , .., i n+2 ) © V for M(A) = 
(AF, d) and citf/lF = d. Remark that Definition 5.1 is not an equivalence relation. 
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Definition 5.2. For edges (1-cells) P a Pb, P a Pd, PbP c and PdP c in GH{X), which 
is given as (a horizontal deformation of) 



Pc 




Pa 

in 4>G%{X), we say that a 2-cell attacks on the 1-cycle OP a P P c Pd (or simply 

that U\P a PbP c Pd makes a leaf) and denote as de 2 = U\P a PbP c Pd if Yi ~y 3 Y2 for 
[Yq] = P a , [Y^ = P b , [Y 2 ] = P d and [Y 3 ] = P c . 

The existence of a leaf may depend on the degree of certain freedom of {D} that 
represent the upper right point P c of a cycle DP a Pi,PcPd- In Example 3.8, we easily 
find that DP P 5 P 9 P S makes a leaf by Dv\ = Dv 2 = DV4 = 0, Dv 3 = V1V2, 

Dv 5 — ViV4,t\ + t[ and 

Dv 6 = V 2 V4tl + viv 3 tl + t 2 , 

where [D] = Pg, [Di] = P5 and [D 2 ] = P%. Indeed, then the above DGA-diagram 
is commutative. But, in Example 3.9, the author can not find a differential D that 
makes the above homtopy commutative diagram for the 1-cycle U\P( ) Pc > PgP%. 
In general, if GH(X) contains (a horizontal deformation of) 




P 



as a sub-graph with de\ = OPQ^Q^ de\ = DPQ 2 RQ 3 and de\ = UPQxRQ^ 
then K,{X) contains 

( e\ U e\ ) U DPQlRQ3 e 2 S S 2 . 
Thus three pieces of leaf can make a 2-sphere. 

Remark 5.3. To append certain further informations of X on %{X), it may be 
suitable to regard (Tq(X) as the 0-skeleton and) the based graph GH{X) as the 1- 
skeleton of a finite CW complex T(X), which is obtained by generalizing Definition 
5.2. When <j>GH(X) contains (a horizontal deformation of) 
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as a sub-graph, then a 3-cell of T(X) is given by the existence of the homotopy 
commutative digram of natural projections 



(Q[h,t 2 ,t 3 ]®AW,D) 



_,t 2 ]®AW,D 12 ) 



(Q[ti]®AW,£>i) 




i 3 ] <8> AW, D 23 ) 



AW, D 3 ) 



(AW,d w ) 

which represents the above sub-graph. Similarly we can construct higher dimensional 
CW-structure, which makes a complex T(X). It must be a topological homotopy 
invariant of spaces. (The complex T(X) is at most 2-dimensional if r (X) < 5.) If 
T(X) is compared to a plant, then the base point Xq corresponds to the seed (that 
grows up to be the plant), and BSq, the water (that is necessary for its growth). 
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